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Introduction. 

Upper bounds for the degree of the generators of the canonical rings of surfaces of general 
type were found by Ciliberto [C]. In particular it was established that the canonical ring of 
a minimal surface of general type with p g = is generated by its elements of degree lesser 
or equal to 6, ([C], th. (3.6)). This was the best bound possible to obtain at the time, since 
Reider's results, [R], were not yet available. In this note, this bound is improved in some 
t^x ■ cases (theorems (3.1), (3.2)). 

In particular it is shown that if K 2 > 5, or if K 2 > 2 and \2K$\ is base point free 
this bound can be lowered to 4. This result is proved by showing first that, under the same 
hypothesis, the degree of the bicanonical map is lesser or equal to 4 if K 2 > 3, (theorem 
(2.1)), implying that the hyperplane sections of the bicanonical image have not arithmetic 
genus 0. The result on the generation of the canonical ring then follows by the techniques 
utilized in [C]. 
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We will denote by S a projective algebraic surface over the complex field. Usually S will 
be smooth, minimal, of general type. 

We denote by Kg, or simply by K if there is no possibility of confusion, a canonical 
divisor on S. As usual, for any sheaf T on 5, we denote by h % {S,T) the dimension of the 
cohomology space H l (S,J 7 ), and by p g and q the geometric genus and the irregularity of S. 

By a curve on S we mean an effective, non zero divisor on S. We will denote the 
intersection number of the divisors C, D on S by C ■ D and by C 2 the self-intersection of the 
divisor C. We denote by = the linear equivalence for divisors on S. \D\ will be the complete 
linear system of the effective divisors D' = D, and (f> D : S -> P(H°(S, O s (D) y ) = \D\ W the 
natural rational map defined by \D\. 

We will denote by the rational ruled surface P(C P i © C P i(d)), for d > 0. 
will denote the section of with minimum self-intersection — d and T will be a fibre of the 
projection to P 1 . 
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1. Auxiliary results. 

In this section various results that will be used in the sequel are listed. 

(1.1) (Xiao [X], Reider [R]) Let S be a minimal surface of general type with p g = 0. If K 2 > 2, 
4>2K is generically finite and if K 2 > 5, 4>2K is a morphism. 

(1.2) (Catanese [Ca], Reider [R], Bombieri-Catanese [BC])) Let X be the canonical model of 
a minimal surface S of general type with p 9 = 0. If Kg > 3, <p3K x is an embedding and if 
Kg = 2, 4>zk x is a birational morphism. 

(1.3) (Xiao [X], p. 37) Let S be a minimal surface of general type with p 9 = 0. If S contains 
a genus 2 pencil, then K 2 < 2. 

(1.4) (Ciliberto, [C], th. (3.5)) The canonical ring of a minimal surface of general type with 
p g = q = is generated by its elements of degree < 6. 

(1.5) (Ciliberto, [C], theorem (1.11), observation (1.3) ) Let \D\ be a complete, base point free 
linear series on a smooth irreducible curve C . If\D\ is not composed with a rational involution, 
or ifdim\D\ = 1, then the natural map H°(C,O c (D)) <g> H°(C,u c ) -> H°(C,O c (D) ® u c ) 
is surjective. 

(1.6) (De Franchis, [DF], see also Catanese, Ciliberto, [CC]) Let X, Y be two smooth surfaces 
and f : X — > Y be a finite double cover. If p 9 (Y) = q(Y)) = and q(Y) > 0, then the 
Albanese image of X is a curve C, the involution determined by f acts as (-1 ) on Alb(X) and 
there is a morphism h : Y — > P 1 such that f : X -^Y is the fiber product ofp : C — > ~ P 1 
and h. 

(1.7) (Arakelov, see [Be], pg. 343) Let S be a minimal surface of general type and let f : S —> B 
be a genus b pencil of curves of genus g. Then K 2 > 8(g - 1)(6 - 1). 

(1.8) (Ciliberto, Francia, Mendes Lopes, [CFM]) Let S be an algebraic surface and \i e 
Pic°(S). If C is a curve on S such that C 2 > 0, then /i\ c is non-trivial. 

2. Degree of the bicanonical map 

(2.1) Theorem. Let S be a minimal surface of general type with p g = 0, K 2 > 3, such that 
4>2K is a morphism. Then degree cf>2K < 4 and X := Im (\>2K is a surface of degree bigger or 
equal to n in P n . 

Proof. By (1.1) (\>2K is generically finite. Let d, m be respectively the degrees of 4>2K and X. 
Since, by assumption, \2K\ is basepoint free, one has d ■ m = (2K) 2 = AK 2 . 

Because P2 = K 2 + 1 and X is not contained in any hyperplane of P^ , deg X > K 2 — 1. 
An easy calculation yields then that d > 4 can hold only in the following two cases: 

(a) K 2 = 5 and d = 5 or 

(b) K 2 = 3 and d = 6. 

Notice that in these cases (and exactly in these) we have deg X = K 2 — 1. Now to prove 
the theorem we are going to show that neither case can occur. 

(a) Suppose that K 2 = 5 and d = 5. It is well known that a surface of degree 4 in P 5 is one 
of the following surfaces: 
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(i) E embedded by (A^ + 2r| or E 2 embedded by (A^ + 3r|; 

(ii) £4 mapped by (A^ + 4T| ( i.e. a cone over the rational curve of degree 4); 

(iii) the Veronese surface. 

Since X is the bicanonical image of S, X must be the Veronese surface. In fact in both 
cases (i) and (ii), the pull-back of the image of |T| would give a pencil D on S such that 
2K ■ D = 5, an odd number, which is impossible. Hence if degree fan = 5, X is the Veronese 
surface. Denote by L the image on X of a line of P 2 and let F be the inverse image of L 
on S. Notice that, because h°(S,O s (F) > 3 and x(Os) = 1, tf&OsiF) > 2. Since 2F is 
linearly equivalent to 2K, r\ := K — F is a 2-torsion element of Pic(S). 

Let g : S — > S be the etale double cover associated to 77. One has if? = 10, x(®s) = 2 
and (7(5) = + ^(S, Os(F) > 2. Therefore we can apply (1.6) to the double cover 
g : S —> S, obtaining the existence of a fibration / : S —> B, with B a smooth curve of genus 
b>2. Because K 2 S = 10, by (1.7) the genus of the general fibre of / must be 2. This implies 
in turn that also S has a fibration in genus 2 curves, contradicting (1.3). Therefore the case 
K 2 = 5, d = 5 does not occur. 

(b) If K 2 = 3 and deg (f) 2 K = 6, the image of <p 2 K is necessarily the quadric cone in P 3 . 
Otherwise the image of (f>2K would be the non-singular quadric in P 3 and thus 2K = Di + D 2 , 
with K ■ Di = 3, which is not congruent to D 2 = (mod 2). So the image of <p2K is a quadric 
cone and therefore we have 2K = 2D + G, where \D\ is a rational pencil without fixed part, 
satisfying K ■ D = 3 and G is an effective divisor, possibly 0, such that K G = 0. Notice that, 
if G 0, every irreducible component 9 of G is a curve such that 9 2 = —2, K ■ = 0. We 
can write G uniquely as G = 2G' + T, where either V = or T = 6\ + ... + 9 r , with 9\, 9 r 
distinct irreducible curves. If T ^ 0, following the same argument as in [CDe], prop. 1.5, one 
can show that the curves 9\, 9 r are disjoint, and thus the curve r := 9\ + ... + 9 r is smooth. 

In either case we have T = 2j, where 7 = K — D — G' and so we can consider the smooth 
double cover tt : S' —> S, branched over F and determined by 7. By the double cover formulas 
one has (with r=0, if T = 0) 

X (S') = 2 X {S) + \ 1 -{K S + 1 ) = 2-1 ■ 

K 2 , = 2(K S + 7 ) 2 = 2(3 - \r) = 6 - r ; 

Pg (S') = h°(S, Os(K s + 7)) + ^°(S, Os(Ks)) = h°(S, O s (D + G' + V)) + > 2. 

Suppose that r ^ 0. Because x(S') ^ 1? we must have r = 4, yielding x(S') = 1 an d 
q(S') > 2. In turn, by (1.6), this implies that the Albanese image of S' is a curve of genus 
b = q(S'). But then we have a contradiction to the inequality (1.7). In fact S' contains 
exactly four exceptional divisors, lying over the curves Zi and thus the minimal model S of 
S' has K 2 - = 6 < 8(9-1). 

Therefore F = 0, 7 is a 2-torsion divisor and 7r is etale. S' is thus a minimal surface with 
x(S') = 2 and Kg, = 6. Since p a > 2, S' is irregular and in fact q = 1 ( q > 2 leads to the 
same contradiction as in the previous paragraph). 

Let us consider now the Albanese fibration of S', a : S' — > E = Alb(S'). By (1.6), the 
fixed point free involution % induced by w : S' — > S acts as (-1) on E and therefore there are 4 
fibres of the Albanese pencil which are stable under i. Since tt is etale, this implies that the 
pencil induced on S by the Albanese pencil has 4 double fibres 2F\, ...,2F4. The existence 
of these 4 double fibres implies in turn the existence in Pic(S) of seven distinct non-zero 
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2-torsion divisors, namely rjij = Fj — Fj, i, j G {1, 2, 3, 4}, i < j and rj = Fi + F 2 — F 3 — F 4 . 
Notice that, given a non-trivial 2-torsion divisor /j, on S, by the Riemann-Roch theorem one 
has always h°(S, O s {K + //)) > 1. 

Consider now the pencil \D\. Since K • L> = 3, D 2 is an odd number bigger than and 
either G / 0, D 2 = 1 and = 3, or G = 0, D 2 = 3 and = 4. In either case a 

general curve D' in \D\ is smooth. Furthermore, by (1.8), the seven linear systems \K + r]ij\, 
i,j G {l,2,3,4},i < j and \K + ?y| cut on D' seven distinct effective divisors iVjj and iV of 
degree 3. 

Consider Im r : H°(S,O s (2K)) -> H° (D' , O D , (2K)) . Since fa K {P') is a line and |2K| 
is basepoint free, Im r is a </g without base points. Now 2Nij, for i, j G {1,2,3,4},? < j and 
27V belong to Im r and each of these divisors gives a contribution of at least 3 for the degree 
of the ramification divisor R of the 6-1 morphism D' — > P 1 . Therefore deg R > 21, and so by 
the Hurwitz formula one has 2g(D') — 2 > 6(— 2) + 21 = 9, i.e. g(D') > 6, which contradicts 
d(D') < 4. Thus also the case K 2 = 3, d = 6 cannot occur. 

(2.2) Observations. 

1. If = 2 and \2K\ is base-point free, then the degree of the bicanonical map is 8. 

2. The degree of the bicanonical map of the Burniat surface with K 2 = 3 (cf. [P]) is 4 and 
therefore, at least for K 2 = 3, the bound established in theorem (2.1) is sharp. 

3. The degree of the generators of the canonical ring 

Let us fix some notation first. C will be a general element in 1 2_K"^ | , whilst H m := 
H°(C, O c (mK s )) and R m := H°(S, O s {mK s )). We will denote by R the canonical ring of 
S and by H the ring H := ®™ =1 H m . 

Notice that, because q = 0, the restriction maps r m : R m — > H m are surjective for every 
m G N, and so the natural graded morphism r : R — > H induced by the restriction maps 
is also surjective. Furthermore ker r is a principal ideal of R, generated by one element of 
degree 2 (cf.[C], §2). By (1.4), R is generated by its elements of degree lesser or equal to 6. 
To lower this bound to 5 it will be enough to show that the map H 3 <S> H 3 — > H 6 is surjective, 
and similarly to lower the bound to 4 it will be enough to show that the map H2 ® H 3 — > H 5 
is surjective (cf. [C], §2). 

(3.1) Proposition. Let S be a minimal surface of general type with p g = 0, K 2 > 2 such 
that \2K\ has no fixed components. Then the canonical ring of S is generated by its elements 
of degree < 5. 

Proof. By (1.1) Im0 2 K is a surface and so by our hypothesis the general curve C G \2K\ is 
irreducible. Since, by (1.2), 4> 3 k is birational, C is not hyperelliptic and therefore the map 

H°(C,u c ) ®H°(C,u c ) - H°(C,u® 2 ) 

is surjective. Since, by adjunction, uic — Oc(3Fs), the map H3 ® H 3 — > Hq is surjective. 
Hence, by (1.4) and the previous considerations we have the assertion. t) 

(3.2) Proposition. Let S be a minimal surface of general type with p g = q = 0. The 
canonical ring of S is generated by its elements of degree < 4 if S satisfies one of the following 
conditions: 
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i) K 2 > 5; or 

ii) \2K\ is base point free and K 2 > 2. 

Proof. By (1.4)and proposition (3.1), it suffices to show that the map H2 <S> H3 — > H5 is 
surjective. Let C be a general bicanonical curve. Since \2K\ is base point free (in case (i) by 
(1.1)), the linear series \Oc(2Ks)\ is base point free. 

If K 2 > 3, by theorem (2.1), lm^K is not a surface of minimal degree n — 1 in P n . 
Therefore \Oc{2Ks)\ is not composed with an rational involution and so, by (1.5), we have 
the surjectivity of the above map. 

If K 2 = 2, one has h°(S,O s (2K)) = 3 and thus dim\Oc(2K s )\ = 1, implying, again by 
(1.5), that the map H 2 <S> H 3 — > H 5 is surjective. 

(3.3) Observation. 

To my knowledge, all the known examples of minimal surfaces of general type with p g = q = 
and K 2 = 2,3,4 have bicanonical system free from base points. 
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